Abstract. Let L be a nilpotent Lie superalgebras of dimension (m | n) for some non-negative integers m and n and put 
Introduction
The Schur multiplier M(G) of a given group G is the second cohomology group H 2 (G, C * ) of G with coefficient in C * [13] . Using the concept of Schur multiplier, one can classify finite p-groups [3, 7, 14] . Analogous theories of Schur multiplier have been developed in other algebraic structures such as Lie algebras [1, 2] . The knowledge of Schur multiplier is an important ingredient to classify nilpotent Lie algebras [2, 4, 5, 11] .
The theory of Lie superalgebras and Lie supergroups has many applications in various areas of Mathematics and Physics. In 1975, Kac [6] offers a comprehensive description of the mathematical theory of Lie superalgebras, and establishes the classification of all finitedimensional simple Lie superalgebras over an algebraically closed field of characteristic zero.
Let Z 2 = {0,1} be a field. A Z 2 -graded vector space V is simply a direct sum of vector spaces V0 and V1, i.e., V = V0 ⊕ V1. It is also referred as a superspace. We consider all vector superspaces and superalgebras are over F (characteristic of F = 2, 3). Elements in V0 (resp. V1) are called even (resp. odd) elements. Non-zero elements of V0 ∪ V1 are called homogeneous elements. For a homogeneous element v ∈ V σ , with σ ∈ Z 2 we set |v| = σ is the degree of v. A vector subspace U of V is called Z 2 -graded vector subspace(or superspace) if U = (V0 ∩ U )⊕ (V1 ∩ U ). We adopt the convention that whenever the degree function appeared in a formula, the corresponding elements are supposed to be homogeneous. A Lie superalgebra (see [6, 8] ) is a superspace L = L0 ⊕ L1 with a bilinear mapping [., .] : L × L → L satisfying the following identities: For a Lie superalgebra L = L0 ⊕L1, the even part L0 is a Lie algebra and L1 is a L0-module. If L1 = 0, then L is just Lie algebra. But in general a Lie superalgebra is not a Lie algebra. Lie superalgebra without even part, i.e., L0 = 0, is an abelian Lie superalgebra, as [x, y] = 0 for all x, y ∈ L. A sub superalgebra of L is a Z 2 -graded vector subspace which is closed under bracket operation. A Z 2 -graded subspace I is a graded ideal of L if [I, L] ⊆ I. The ideal Z(L) = {z ∈ L : [z, x] = 0 for all x ∈ L} is a graded ideal and it is called the center of L. Let Z 0 (L) =< 0 >. Then the ith center of L is defined inductively by
. If I and J are graded ideals of L, then so is [I, J] . If I is an ideal of L, the quotient Lie superalgebra L/I inherits a canonical Lie superalgebra structure such that the natural projection map becomes a homomorphism. By a homomorphism between superspaces f : V → W of degree |f | ∈ Z 2 , we mean a linear map satisfying f (V α ) ⊆ W α+|f | for α ∈ Z 2 . In particular, if |f | =0, then the homomorphism f is called homogeneous linear map of even degree. A Lie superalgebra homomorphism f : L → M is a homogeneous linear map of even degree such that f [x, y] = [f (x), f (y)] holds for all x, y ∈ L. The notions of epimorphisms, isomorphisms and auotomorphisms have the obvious meaning. Throughout, for superdimension of Lie superalgebra L we simply write dim(L) = (m | n), where dim L0 = m and dim L1 = n.
The descending central sequence of a Lie superalgebra
, L] for all k ≥ 0. If C k (L) = {0} for some k, the Lie superalgebra is called nilpotent. A Heisenberg Lie superalgebra is by definition a two-step nilpotent Lie superalgebra with 1-dimensional center [12] . All finite dimensional Heisenberg Lie superalgebras split precisely into two types H(m, n) and H n , where 0 ≤ m ∈ Z and 1 ≤ n ∈ Z, described as follows:
• H(m, n) = H0 ⊕ H1 where H0 = {x 1 , . . . , x m , x m+1 , . . . , x 2m , z | [x i , x m+i ] = z, i = 1, . . . , m} (1.1) and H1 = {y 1 , . . . , y n | [y j , y j ] = z, j = 1, . . . , n}.
If L is a Lie superalgebra generated by a Z 2 -graded set X = X0 ∪ X1 and φ : X → L is a degree zero map, then there exists a free Lie superalgebra F and ψ :
is called a free presentation of L and is denoted by (F, ψ) [8] . With this free presentation of L, the multiplier of L denoted by M(L), is defined as
An extension of a Lie superalgebra L is a short exact sequence
Finally, we call the stem extension a stem cover if M ∼ = M(L) and in this case K is said to be a cover of Lie superalgebra L. The author in [9] has proved that stem covers exist for each Lie superalgebras and the stem extension
of finite dimensional Lie superalgebra L is maximal (or, equivalently dimension of K is maximal) if and only if it is a stem cover of L. In [10] , as a first bound for dimension of M(L) it has been proved that, 6) for some non-negative integer t(L) with dim L = (m | n). Furthermore, t(L) = 0 if and only if L is an abelian Lie superalgebra. It has been shown in [10] that for a non-abelian nilpotent Lie superalgebra
where s(L) ≥ 0. We simply write
as bound for multiplier of L is decreasing with respect to (r | s). Moreover s(L) = 0 if and only if
is an abelian Lie superalgebra of dimension (m − 3 | n) and H(1, 0) is a special Heisenberg Lie superalgebras of dimension (3 | 0). In this paper, we intend to classify all nilpotent Lie superalgebras with s(L) = 1 and 2.
The organization of the paper is as follows: after this introduction, in Section 2, we give some auxiliary results about multiplier of Lie superalgebra. Here, also we study the multiplier of the Heisenberg Lie superalgebra with odd center. In Section 3, we characterize some nilpotent Lie superalgebras of dimension less than or equal to five and finally in Section 4, we classify nilpotent Lie superalgebras with s(L) = 1 and 2.
Auxiliary results
In this section, we state some known results which we shall use them without any citation.
Further, equality holds if and only if L is abelian.
Theorem 2.5 (See [10] ). Let A and B be two finite dimensional Lie superalgebras. Then
Theorem 2.6 (See [10] ). Let H(m, n) be a special Heisenberg Lie superalgebra with even center of dimension (2m
The following result is an immediate consequence of Theorem 2.2, Theorem 2.5 along with Theorem 2.6.
Here, we explicitly compute the multiplier of special Heisenberg Lie superalgebra with odd center.
Theorem 2.8. Let H n , n ≥ 1 be a special Heisenberg Lie superalgebra with odd center and dim H n = (n | n + 1), then
Proof. First suppose that n > 1 and we want to find a stem cover for the special Heisenberg Lie superalgebra H n . Let W be a vector superspace with a basis
Consider a vector superspace C with a basis, {x 1 , x 2 , · · · , x n ; z, y 1 , y 2 , · · · , y n } and put K = C + W . We want to define a superbracket in K which turns K into a Lie superalgebra.
Now we see that the above multiplications remain unaffected even if we replace z by ζ,
Using the graded Jacobi identity for the Lie superalgebra we have
for 2 ≤ i ≤ n and by choosing J(x 2 , y 2 , x 1 ) = 0 we get η 1 = 0. Similarly, we can make η ′ i equal to zero using the graded Jacobi identity for the triple (x 1 , y 1 , y i ) when 1 ≤ i ≤ n, i.e., 0 = J(x 1 , y 1 , y k ) = η ′ i . Therefore K is a Lie superalgebra and
forms a basis of W . One can observe that γ i,j , δ i,j ∈ W0 and w i , β i,j ∈ W1. As K is of maximal dimension, so 0 −→ W −→ K −→ H n −→ 0 is a stem cover for H n . Thus
Precisely, dim W = (n 2 | n 2 − 1). Now, suppose that n = 1. Let W and C be the vector superspaces with bases {w, η} and {x, z, y} respectively. We show, K = W + C is a Lie superalgebra. Defining the the super brackets as 
The following corollary is an immediate consequence of Theorem 2.2, Theorem 2.5 along with Theorem 2.8.
If L = L0 ⊕ L1 is a nilpotent Lie superalgebra of dimension (m | n) and dim L ′ = (r | s) with r ≥ 1, then it has been shown in [10] 
Replace the condition r ≥ 1 with r + s ≥ 1. By proceeding the proof as in [10, Theorem 5.1] and using Corollary 2.9 it can be easily seen that the above result is still true. Specifically,
Moreover, if r + s = 1, then the equality holds if and only if
where A(m − 3 | n) is an abelian Lie superalgebra of dimension (m − 3 | n), and H(1, 0) is special Heisenberg Lie superalgebra of dimension (3 | 0).
Characterization of nilpotent Lie superalgebras
This section is devoted to characterize structure of finite dimensional nilpotent Lie superalgebras.
(1) If a + b = 2, then there is no Lie superalgebra with r + s = 2.
then there is no Lie superalgebra with r + s = 2.
Proof. Consider the non-abelian nilpotent Lie superalgebra L and dim L = (m | n).
Consider dim L ′ = r + s = 1. We need to consider the case dim L = (2 | 1) and dim Z(L) = (2 | 0). Let {x 0 , y 0 , x 1 } be a basis for L, with x 0 , y 0 ∈ L0 and x 1 ∈ L1. Clearly only
and let {x 0 , y 0 , x 1 } be a basis for L with x 0 , y 0 ∈ L0 and 
. Let {x 0 , y 0 , x 1 , y 1 } be a basis of L with x 0 , y 0 ∈ L0 and x 1 , y 1 ∈ L1 and let x 0 , y 0 ∈ Z(L). Then only possible dimension of L ′ is (2 | 0) and L ′ =< x 0 , y 0 >. Without loss of generality we take [x 1 , x 1 ] = x 0 , [y 1 , y 1 ] = y 0 and suppose [x 1 , y 1 ] = αx 0 + βy 0 for some α, β ∈ F. Here we will specify the algebras by taking conditions on α and β. Putting the value of x 0 , y 0 in [x 1 , y 1 ] = αx 0 + βy 0 and using the graded Jacobi identity, we get (
Now we compute the dimension of multiplier of each of these superalgebras. Consider
. A change of variable allows that η 5 = η 7 = 0. Using the Jacobi identity on all possible triples show that M(L 1 2,2 ) =< η 1 , η 4 >. Similarly, computing the multiplier of other Lie superalgebras using the technique in [4] yields the result.
which is a contradiction to our assumption. Further, as L is nilpotent there is no Lie superalgebra with dim Consider dim L = (1 | 3) and let dim Z(L) = (1 | 0). It is easy to see that there is no Lie superalgebra with dim 
and Z(L) =< z 1 > one can check that there is no such superalgebra exist. Computing the multiplier of Lie superalgebras using the technique in [4] yields the result.
If L is a nilpotent Lie superalgebra of dimension (m | n) with one dimensional derived subalgebra then the following result will give the structure of the Lie superalgebra.
. Then for some non-negative integers p, q with p + q ≥ 1,
Moreover, if p ≥ 2 then s(L) = 3 and for p = 1 we get s(L) = 2.
Proof. Since L is nilpotent and dim
We get H which satisfies H ′ = Z(H) and dim(H ′ ) = (1 | 0). Hence H is a special Heisenberg Lie superalgebra with even center and A is abelian Lie superalgebra. Thus, for some p + q ≥ 1, H ∼ = H(p, q) with dim H = (2p + 1 | q), then dim(A) = (m − 2p − 1 | n − q) as required. For p + q ≥ 2 or p = 0, q = 1 and by using Theorem 2.2, 2.5 and 2.6 we have ( 
Hence we must have α 1 = 0, β = 0, β ′ = 0, α 2 = 0, β 2 = 0. Finally, by choosing the basis {x 0 , y 0 , z 0 , v 0 , (1/β 1 )w 0 } yields non-vanishing brackets:
for α, α 1 ∈ F. Here both α, α 1 cann't be zero. Without loss of generality, we assume α 1 = 0. Using the transformations
Without loss of generality, we may assume α 2 = 0, 
. But proceeding as above we get there is no such Lie superalgebra. Now assume dim
Then L can be described by basis {x 0 , y 0 , x 1 , y 1 , z 1 } and brackets:
and
x 0 + β 6 y 0 . Let I and J be two one dimensional central ideals generated by y 0 and 
Then proceeding as above we obtain the Lie superalgebra L 1 1,4 . In all cases, computing the multiplier of Lie superalgebras using the technique in [4] yields the result. This completes the proof of theorem. 
Proof. Suppose L is abelian Lie superalgebra with dim L = (m | n), m + n > 1. Using Eq. (1.8) and Theorem 2.2, we have
which implies s(L) = 2 − (m + n). Hence the result follows.
Then there is no nilpotent Lie superalgebra with r + s ≥ 3 and
(1) There is no nilpotent Lie superalgebra L when a + b ≥ 3. Proof. We only proof the second part. Suppose dim
we assume there is a central ideal I with dim
Then there is no non-abelian nilpotent Lie superalgebra if r + s = 1 and s(L) = 1.
Proof. Considering dim(L) = (m | n) and dim(L ′ ) = (1 | 0) and using Proposition 3.4, for some p, q with p + q ≥ 1, 
Proof. Let L ∼ = F/R where F is a free Lie superalgebra and R is a graded ideal. Since
On the other hand,
Hence we get,
and consider the mapping θ :
θ is a bilinear surjective map. Hence
(1) There is no nilpotent Lie superalgebra L with dimension m + n ≥ 5 when s(L) = 1.
(2) There is no nilpotent Lie superalgebra L with dimension m + n ≥ 6 when s(L) = 2.
Proof. Since L is nilpotent and dim
for some non-negative integers p, q with p + q ≥ 1.
. Similarly when p = 0, q = 1 one can find s(L) ≥ 3. Remains to deal with the case when p = 1,
So with s(L) = 1 and s(L) = 2 there is no non-abelian nilpotent Lie superalgebra when dim L ≥ 5 and dim L ≥ 6 respectively. Now assume dim(L/Z(L)) ′ = (0|1), i.e., here dim L ′ = (1 | 1) and the by invoking Proposition 3.4, it follows that with p ≥ 1,
Proceeding as before with p ≥ 2 we get s(L) ≥ 4. With p = 1 we have L/Z(L) ∼ = H 1 ⊕A(m−2 | n − 2). Here dim Z 2 L = (m − 2 | n − 2) and using Proposition 4.6, we get m + n ≤ 4 when s(L) = 1 and m + n ≤ 5 when
Now invoking Proposition 4.6 with s(L) = 1 we get m + n ≤ 4 and with s(L) = 2 we get 
Proof. Suppose that L is nilpotent Lie superalgebra with dim(L) = m + n ≥ 6 along with all our assumptions. Let I be a central ideal with dim(I) = a + b = 1. First assume that dim 
